Abstract. We verify Dade's invariant conjecture for the simple Ree groups 2 F 4 (2 2n+1 ) for all n > 0 in the defining characteristic, i.e., in characteristic 2. Together with the results in [3] , this completes the proof of Dade's conjecture for the simple Ree groups 2 F 4 (2 2n+1 ).
Introduction
The representation theory of finite groups received great impetus from several conjectures linking the representation theory of a finite group G to that of local subgroups, the normalizers of nontrivial p-subgroups of G. A prominent family of such conjectures are Dade's conjectures, published in [9] , [10] and [11] . These conjectures express the number of complex irreducible characters with a fixed defect in a given p-block of a finite group G as an alternating sum of related values for p-blocks of certain p-local subgroups.
Dade's conjectures are closely related to several other local-global conjectures: Dade's projective conjecture implies Alperin's weight conjecture, the McKay conjecture and its blockwise version due to Alperin, and one direction of Brauer's height-0 conjecture on abelian blocks. For details see [1] , [2] , [9] , [10] , [22] , [26] and also [20] , [21] .
In this paper, we show that Dade's invariant conjecture is true for the simple Ree groups 2 F 4 (2 2n+1 ), n > 0, in the defining characteristic, i.e., for p = 2. Since the Ree groups have a trivial Schur multiplier and a cyclic outer automorphism group for n > 0, our results imply that the most general version of Dade's conjectures, the inductive conjecture, is also true for 2 F 4 (2 2n+1 ) and p = 2. Together with An's results [3] and [4] , this completes the proof of Dade's conjectures for the simple groups 2 F 4 (2 2n+1 ) ′ for all n ≥ 0. Note that this also completes the verification of Uno's invariant conjecture [29] for these groups in the defining characteristic.
The methods we use are similar to those in [16] . By a corollary to the BorelTits theorem [6] , the normalizers of radical 2-chains are the parabolic subgroups of 2 F 4 (2 2n+1 ). Using the character tables of 2 F 4 (2 2n+1 ) in the library of the MAPLE [8] part of CHEVIE [14] and the character tables of the parabolic subgroups in [17] and [18] , we count characters of the chain normalizers which are fixed by certain outer automorphisms of the Ree groups and then evaluate the alternating sums in Dade's invariant conjecture.
There are some differences between the verification of Dade's conjecture for the Ree groups 2 F 4 (2 2n+1 ) and for Steinberg's triality groups 3 D 4 (2 n ) in [16] . Firstly, the parabolic subgroups of 2 F 4 (2 2n+1 ) have more types of characters which have to be treated separately. And secondly, when calculating the fixed points of outer automorphisms on the irreducible characters of the parabolic subgroups of 2 F 4 (2 2n+1 ) one has to deal with cyclotomic polynomials over Q( √ 2) instead of Q making gcdcomputations more complicated; see for example Lemma 3.3. This paper is organized as follows: In Section 2, we fix notation and state Dade's invariant conjecture. In Section 3, we prove some lemmas from elementary number theory which we use to count fixed points of certain automorphisms of 2 F 4 (2 2n+1 ). In Section 4, we compute the fixed points of these outer automorphisms on the irreducible characters of parabolic subgroups. In Section 5, we verify Dade's invariant conjecture for 2 F 4 (2 2n+1 ) in the defining characteristic. Details on irreducible characters of the Ree groups are summarized in tabular form in Appendix A. In Appendix B, we describe the construction of several families of irreducible characters of 2 F 4 (2 2n+1 ). Some of the data in Appendix B might also be of independent interest and is used in [15] .
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Dade's Invariant Conjecture
Let R be a p-subgroup of a finite group G. Then R is radical if O p (N (R)) = R, where O p (N (R)) is the largest normal p-subgroup of the normalizer N (R) := N G (R). Denote by Irr(G) the set of all irreducible ordinary characters of G, and by Blk(G) the set of p-blocks. If H ≤ G, B ∈ Blk(G), and d is an integer, we denote by Irr(H, B, d) the set of characters χ ∈ Irr(H) satisfying d(χ) = d and b(χ) G = B (in the sense of Brauer), where d(χ) = log p (|H| p ) − log p (χ(1) p ) is the p-defect of χ and b(χ) is the block of H containing χ.
Given a p-subgroup chain C : P 0 < P 1 < · · · < P n of G, define the length |C| := n, C k : P 0 < P 1 < · · · < P k and
The chain C is said to be radical if it satisfies the following two conditions:
(a) P 0 = O p (G) and (b) P k = O p (N (C k )) for 1 ≤ k ≤ n. Denote by R = R(G) the set of all radical p-chains of G.
Suppose 1 → G → E → E → 1 is an exact sequence, so that E is an extension of G by E. Then E acts on R by conjugation. Given C ∈ R and ψ ∈ Irr(N G (C)), let N E (C, ψ) be the stabilizer of (C, ψ) in E, and N E (C, ψ) := N E (C, ψ)/N G (C). For G = 2 F 4 (2 2n+1 ), n > 0, Out(G) is cyclic and the Schur multiplier of G is trivial. So the invariant conjecture for G is equivalent to the inductive conjecture.
Notation and Lemmas from Elementary Number Theory
From now on, we assume that p = 2, n is a positive integer and q 2 = 2 2n+1 . We write φ i for the i-th cyclotomic polynomial in q, for example: φ 1 = q −1, φ 2 = q +1, φ 3 = q 2 + q + 1, φ 4 = q 2 + 1, φ 6 = q 2 − q + 1, φ 8 = q 4 + 1, φ 12 = q 4 − q 2 + 1, φ 24 = q 8 − q 4 + 1. Furthermore, we set φ (i) gcd(2 t − 1, q 2 − 1) = 2 t − 1. (ii) gcd(2 t − 1, q 2 + 1) = 1. (iii) gcd(2 t + 1, q 2 − 1) = 1. (iv) gcd(2 t + 1, q 2 + 1) = 2 t + 1.
Proof: (i) is clear by Lemma 3.1.
(ii) Suppose d = gcd(2 t − 1, q 2 + 1). Since 2 t − 1 | q 2 − 1 by (i), it follows that d | gcd(q 2 − 1, q 2 + 1) = 1.
(iv) Since t and f are both odd, we have 2 t + 1 = −((−2) t − 1) and q 2 + 1 = −((−2) f −1). So Lemma 3.1 implies gcd(2 t +1, q 2 +1) = gcd((−2) t −1, (−2) f −1) = |(−2) t − 1| = 2 t + 1.
(iii) Suppose d = gcd(2 t + 1, q 2 − 1). Since 2 t + 1 | q 2 + 1 by (iv), it follows that d | gcd(q 2 − 1, q 2 + 1) = 1.
Lemma 3.3. Let f = 2n + 1 and t be a positive integer with t | f . Then there is a nonnegative integer m such that f − t = 4tm or f − t = 2t · (2m + 1) and for ε ∈ {1, −1} the following holds:
gcd(2 f −t − 1, q 2 + ε √ 2q + 1) = 2 t + ε · (−1) m · 2 (t+1)/2 + 1,
Proof: Since t | f = 2n + 1, the integer t is odd and the even integer f − t is a multiple of 2t. So, there is m ∈ N such that f − t = 2t · 2m or f − t = 2t · (2m + 1).
(i) Suppose f − t = 4tm and ε ∈ {1, −1}. We proceed in several steps:
Step 1: gcd(2
Step 2: The number
2t + 1, we compute:
Step 3: gcd(2
and gcd(q 2 + √ 2q + 1, q 2 − √ 2q + 1) = 1, we obtain from Step 1:
Step 4: gcd(2
Since q 2 + ε √ 2q + 1 is a divisor of q 4 + 1, the claim follows.
(ii) Suppose f − t = 2t · (2m + 1) and ε ∈ {1, −1}.
odd. Since q 2 + ε √ 2q + 1 is a divisor of q 4 + 1, the first statement of (ii) follows. The proof of the second statement of (ii) is analogous to Steps 1-3 of (i).
Action of Automorphisms on Irreducible Characters
Let G = 2 F 4 (q 2 ) be the simple Ree group with q 2 = 2 2n+1 and n a positive integer. Let O = Out(G) and A = Aut(G). Then O = α and A = G ⋊ α , where α is a field automorphism of (odd) order 2n + 1. We fix a Borel subgroup B and maximal parabolic subgroups P a and P b of G containing B as in [17] and [18] . In particular, α stabilizes B, P a and P b .
In this section, we determine the action of O = Out(G) on the irreducible characters of the chain normalizers. Our notation for the parameter sets of the irreducible characters of G, B, P a and P b is similar to the CHEVIE notation and is given in Table A .1 in Appendix A. For a definition and construction of the irreducible characters χ 42 (k), . . . , χ 51 (k, l), see Appendix B.
The first column of Table A .1 defines a name for the parameter set which parameterizes those characters which are listed in the second column of the table. The characters of G are numbered according to the character table of 2 F 4 (q 2 ) in CHEVIE, and for the characters of B, P a , P b we use the notation from [17] and [18] . The list of parameters in the third column of Table A.1 in Appendix A is of the form
where the integers n j are given by polynomials in q with coefficients in Z[ √ 2]. In the first case, the parameter k can be substituted by an element of Z, but two parameters which differ by an element of n 1 Z yield the same character. In the second case, the parameter vector (k, l) can be substituted by an element of Z × Z, but two parameter vectors which differ by an element of n 1 Z × n 2 Z yield the same character. In other words, k can be taken to be an element of Z n1 and (k, l) can be taken to be an element of Z n1 × Z n2 . The groups Z n1 and Z n1 × Z n2 are also called character parameter groups (see Section 3.7 of the CHEVIE [14] manual). The next lines of Table A.1 list elements which have to be excluded from the character parameter group. The remaining parameters are called admissible in the following. Different values of admissible parameters may give the same character. The fourth column of Table A.1 defines an equivalence relation on the set of admissible parameters. If no equivalence relation is listed we mean the identity relation. The parameter set is defined to be the set of these equivalence classes. Finally, the last column of Table A.1 gives the cardinality of the parameter set.
We consider the example P b I 5 . The character parameter group is Z q 2 −1 × Z q 2 −1 . The parameter vectors (k, l) and (k, −l) yield the same character and the equivalence class of (k, l) is {(k, l), (k, −l)}. Hence, the characters P b χ 5 (k, l) are parameterized by the set irreducible characters of G). The data in Table A.1 is taken from CHEVIE library, the Appendix of [17] and [18] and Appendix B of this paper.
The action of O = Out(G) on the conjugacy classes of elements of G, B, P a and P b induces an action of O on the sets Irr(G), Irr(B), Irr(P a ) and Irr(P b ) and then an action on the parameter sets. Using the values of the irreducible characters of G, B, P a and P b on the classes listed in the last column of Tables A.2-A.15 we can describe the action of O on the parameter sets.
For an O-set I and each subgroup H ≤ O let C I (H) denote the set of fixed points of I under the action of H. In the following proposition we determine |C I (H)| where I runs through all (disjoint) unions of parameter sets which are listed in Table A Proof: We have to consider the following parameter sets I. Table A .5 show that P b χ 43 and P b χ 50 are the only irreducible characters of P b of degree (q 2 − 1). Hence,
First let
The class representatives in Table A .7 in [18] show that the conjugacy class c 1,9 is fixed by α and we can see from the character table A.9 of P b in [18] that the values of P b χ 43 and P b χ 50 on c 1,9 are different. So, P b χ i α = P b χ i for i = 43, 50 and |C I (H)| = |I|. In each of the following cases, we have that the action of α on I is given by x α = 2x for all x ∈ I using the character values on the classes listed in the last column of Tables A.5-A.15. We demonstrate this for the parameter set I = Pa I 3 ∪ Pa I 4 . The degrees in Table A . 15 show that the Pa χ 3 (k, l)'s are the only irreducible characters of P a of degree q 2 +1, so
We see from the class representatives in [18] 
If k ∈ I, then k ∈ C I (H) if and only if (2 t −1)k ≡ 0 mod q 2 −1. By Lemma 3.2(i), we get C I (H) = {k ∈ I | k is a multiple of (q 2 − 1)/(2 t − 1)} and |C I (H)| = 2 t − 1.
Let I = Pa I 3 ∪ Pa I 4 . First, we compute |C Pa I3 (H)|. Let
and (2 t − 1)l ≡ 0 mod q 2 − 1. By Lemma 3.2(i), this is equivalent with k, l are multiples of
Multiplying both sides by √ 2q, we get 
.
Lemma 3.2(i) and (iv), this is equivalent with
2 t +1 | k and
and
(2 t +1)(2 t −1) | k, and the claim holds. So by the definition of Pa I 4 , we get
Let I = Pa I 32 ∪ Pa I 33 . The computation of |C I (H)| is analogous to the case I = G I 27 ∪ G I 33 . One gets |C I (H)| = 2 t − 1.
, this is equivalent with k, l are multiples
, the second congruence is equivalent with l ≡ 0 mod q 2 − 1, a contradiction to the definition of
Next, we calculate
The set
, l = 0 becomes an H-set via x α := 2x for all x ∈ J, and we have J 1 ≃ P b I 6 as H-sets; note that P b χ 6 (k) is obtained via inflation from a regular semisimple character of the Levi complement
. In a similar way, we have an isomorphism of H-sets
Hence, P b I 6 ∪ P b I 7 ≃ J 1 ∪ J 2 (disjoint union) as H-sets, so that we can identify
In a first step, we compute |C J1 (H)|. Let
where the congruences are mod q 2 −1 and
, the second congruence is equivalent with l ≡ 0 mod
3 and the definition of J 1 , we get
Analogously, we obtain
Hence we get
Then these (disjoint) unions of parameter sets are isomorphic H-sets, so that we can assume
2 . Next, we compute |C P b I48 ∪P b I49 (H)|. We start with P b I 48 . Let
where the congruences are mod
3 and the definition of P b I 48 , we get
Analogously, we obtain Table 3 ]) and induction of characters induces a bijection from
So the above-mentioned bijection is an isomorphism of H-sets. Hence, B I 50 ≃ Pa I 40 as H-sets and |C B I50 (H)| = |C Pa I40 (H)|. The remaining pairs of parameter sets can be treated analogously, see the construction of the characters Pa χ 28 (k), Pa χ 38 (k),
In this section, we prove Dade's invariant conjecture for G = 2 F 4 (2 2n+1 ), n > 0, in the defining characteristic. As in the previous section, let O = Out(G) = α , where α is a field automorphism of (odd) order 2n + 1. We fix a Borel subgroup B and maximal parabolic subgroups P a and P b of G containing B as in [17] and [18] . In particular, we may assume that α stabilizes B, P a and P b .
By the remarks on p. 152 in [19] , G has only two 2-blocks, the principal block B 0 and one defect-0-block (corresponding to the Steinberg character). Hence we have to verify Dade's conjecture only for the principal block B 0 .
According to a corollary of the Borel-Tits theorem [6] , the normalizers of radical 2-subgroups are parabolic subgroups. The radical 2-chains of G (up to G-conjugacy) are given in Table 1 . Table 1 . Radical 2-chains of G.
Since C 5 and C 6 have the same normalizers
for all d ∈ N and u | 2n + 1. Thus the contribution of C 5 and C 6 in the alternating sum of Dade's invariant conjecture is zero. So, Dade's invariant conjecture for G is equivalent with
for all d ∈ N and u | 2n + 1. and H := α t . Let S ∈ {G, B, P a , P b }. By the character tables in [17] , [18] and CHEVIE, we have k(S, B 0 , d, u) = 0 when d ∈ {11n + 6, 14n + 7, 14n + 8, 15n + 8, 16n + 8, 17n + 9, 18n + 9, 20n + 10, 20n + 11, 20n + 12, 21n + 11, 22n + 11, 23n + 12, 24n + 12}. Tables A.2 
by Tables A.3 
By Table A .16, the sums on both sides of the above equation are equal. Thus (1) also holds in this case. Table A . 16 , we have
Thus (1) 
where the sums are over J G := {7, 10}, J B := {13, 14}, J Pa := {13, 25} and J P b := {14, 15}, respectively. By Table A . 16 , we have
Thus (1) also holds in this case.
(j) If d = 20n + 12, then 
Thus (1) also holds in this case. 
Appendix A 
Parameter Set Characters Parameters Equivalence Number of Relation Characters
see the remarks in Section 4 Table A . 2 The irreducible characters of the chain normalizers of defect 11n + 6.
Group Character Degree Parameter Number Class G χ19 Table A . 7 The irreducible characters of the chain normalizers of defect 17n + 9.
Group Character Degree Parameter Number Class
Pa χ37
Pa χ38(k) Group Character Degree Parameter Number Class Group Character Degree Parameter Number Class
Table A. 13 The irreducible characters of the chain normalizers of defect 22n + 11.
Group Character Degree Parameter Number Class G χ4 Group Character Degree Parameter Number Class G χ2 
Pa χ 10 
Appendix B
The irreducible characters of the simple Ree groups 2 F 4 (q 2 ) were computed by G. Malle, see [25] and the CHEVIE library [14] . However, it seems that 10 families of irreducible characters of 2 F 4 (q 2 ) have never been published. We give a brief sketch of the construction of these irreducible characters using techniques from DeligneLusztig theory. We proceed very much along the same line as F. Lübeck [24] . For many of our calculations we used CHEVIE and GAP [13] . We have implemented the completed character table of 2 F 4 (q 2 ) as a generic character table in CHEVIE, and whenever we write G χ i (k, . . . ) we mean the character of 2 F 4 (q 2 ) which is labeled by χ i (k, . . . ) in this CHEVIE table. The tables in this Appendix might also be of independent interest; Tables B.9 and B.10 are also used in [15] .
Notation and setup. We fix an integer n > 0 and set θ = 2 n and q := √ 2 2n+1 ∈ R >0 . Let F q 2 be a finite field with q 2 elements, F its algebraic closure. To describe our calculations, we fix a simple algebraic group G of adjoint type F 4 defined over F. Up to isomorphism of algebraic groups, G is determined by a root datum (X, Φ, Y, Φ ∨ ), see Section 1.9 in [7] : Let X = Y = Z 4 be free abelian groups of rank 4 and let ·, · : X × Y → Z, (x, y) → xy tr be the natural pairing. Let {ê 1 ,ê 2 ,ê 3 ,ê 4 } and {e 1 , e 2 , e 3 , e 4 } be the standard bases of X and Y , respectively. We can describe the root system Φ and the coroot system Φ ∨ by giving a set ∆ = {r 1 , r 2 , r 3 , r 4 } ⊆ X of simple roots and a set ∆ ∨ = {r 
So, the Cartan matrix r i , r To define a Frobenius morphism F : G → G it is enough to describe the induced action of F on X in the form q · F 0 where q is as above and F 0 is the automorphism of the vector space V = X ⊗ Z R given by (
). This determines 2 F 4 (q 2 ) := G F up to isomorphism. A realization of the group G with Frobenius map F is described in [17] and [28] (and originally in [27] ): Let V be a Euclidean vector space with scalar product (·, ·), let {ε 1 , ε 2 , ε 3 , ε 4 } be an orthonormal basis of V and let Φ be the set consisting of the 48 vectors
where i, j, k, l ∈ {±1, ±2, ±3, ±4}, |i|, |j|, |k|, |l| are different and ε −i = −ε i for all i.
The set Φ is a root system of type F 4 and the set ∆ := {r 1 , r 2 , r 3 , r 4 } with the simple roots r 1 := ε 2 − ε 3 , r 2 := ε 3 − ε 4 , r 3 := ε 4 , r 4 := Weyl group W is the group generated by w r1 , w r2 , w r3 , w r4 , the reflections at the hyperplane orthogonal to the simple roots. Let G be the simple algebraic group over F of adjoint type with Frobenius morphism F : G → G, maximal F -stable torus T and root system Φ which is described in [17] and [28] . In [7, Section 1.9] it is shown how the character group X and the cocharacter group Y of the torus T are endowed with a natural pairing ·, · and how Φ and Φ ∨ can be naturally embedded into X and Y , respectively. This gives a root datum (X, Φ, Y, Φ ∨ ) with the properties described at the beginning of this section.
The elements of the maximal torus T can be parameterized as follows: There is a natural isomorphism between the abelian groups T and Hom(X, F × ) (see [7, Section 1.11 and Proposition 3.1.2 (i)]) and we write h(z 1 , z 2 , z 3 , z 4 ) for the element of T corresponding to χ ∈ Hom(X, F × ) with χ(ε i ) = z i (i = 1, 2, 3, 4). We mention that there is an alternative parameterization of the elements of T (which in fact we use for our GAP-programs): By [7, Proposition 3.1.2 (ii)], we have T ∼ = Y ⊗ F × as abelian groups. Every element of Y ⊗ F × can be written uniquely as
× and we write (λ 1 , λ 2 , λ 3 , λ 4 ) for the corresponding element of T. The maps transforming one parameterization into the other are given by:
The Weyl group W is isomorphic with N G (T)/T and so acts on T by conjugation which also induces an action of W on X and on Y , see [24] . The action of W on X and Y can be determined by the formulas in [7, p. 19] . Once we know the action of W on X, we can also describe the action on T via T ∼ = Hom(X, F × ). These actions are given in Table B. 1.
Finally, we mention that [17, Section 2] provides generators and relations for the group G. Using GAP programs written by Christoph Köhler and the first author in the language of the CHEVIE package, this enables us to carry out explicit computations in the groups G and
Maximal tori. Every semisimple element s ∈ G F is contained in an F -stable maximal torusT of G, see [12, Corollary 3.16] . SupposeT is such an F -stable maximal torus of G. We choose some g ∈ G such thatT g = T and we have
The action of F onT corresponds to the action of
Since T is abelian we also write (F w −1 ) : T → T, t → w F (t) where w := nT ∈ W. The map T → w := nT induces a bijection between the G F -conjugacy classes of the Fstable maximal tori of G and the F -conjugacy classes of the Weyl group W, for details see [7, Section 3.3] . A set of representatives w i for the F -conjugacy classes of W and the corresponding subgroups T F w −1 of fixed points were computed in [28, §3] . A list of these representatives, the order of the corresponding F -centralizers and the maximal tori T Table B .3, where we describe field elements using the notation in [17, Table 5 ].
Let (X, Φ, Y, Φ ∨ ) be the root datum of G described at the beginning of this appendix. So the dual group G * is a connected reductive group with root datum (Y, Φ ∨ , X, Φ). The action of F on X and Y gives rise to a Frobenius morphism F * : G * → G * which determines the finite group G * F * up to isomorphism. A maximal F * -stable torus of G * is isomorphic with X ⊗ Z F × and, via the isomorphism ϕ 1 from [17, Section 2], also isomorphic with X ⊗ Z Q p ′ /Z. Using the Z-basis {ê 1 ,ê 2 ,ê 3 ,ê 4 } of X, every element of X ⊗ Z Q p ′ /Z can be written as
Similarly, the action of W on X induces an action of W on T * . This enables us to compute the fixed point groups
, where w i runs through the representatives w i for the F -conjugacy classes of W. In this way, we get the parameterization of the maximal tori of G * F * which is described in Table B.4. For each i, the maximal torus T * F * i of the dual group is isomorphic with the group of linear characters of the torus T F i of G F and this isomorphism can be calculated explicitly as in [24, p. 23] . Applying this isomorphism we get the results in Table B .5. These linear characters will be used to parameterize the Lusztig series of irreducible characters of G F .
Conjugacy classes. We say that two semisimple elements s 1 , s 2 ∈ G F are in the same class type if their centralizers C G (s 1 ) and C G (s 2 ) are G F -conjugate. A subset Ψ ⊆ Φ is called a closed subsystem if ZΨ ∩ Φ = Ψ. Let M be the set of all pairs (Π, w) such that Π is a set of simple roots for a closed subsystem of Φ and w is an element of W such that Π is (F w −1 )-invariant. We call (Π 1 , w 1 ), (Π 2 , w 2 ) ∈ M equivalent if and only if there is some v ∈ W such that Π 1 v = Π 2 and v −1 w 1 F (v) = w 2 and letM be the set of equivalence classes. The semisimple class types of G A set of representatives for the semisimple conjugacy classes of G F was computed by K. Shinoda, see [28, Table B .6 is defined in [17, Section 2] . Analogously, we can compute the semisimple class types and representatives for the semisimple conjugacy classes of G * F * given in Tables B.9 and B.10. We just have to use the dual torus T * instead of T and the coroots instead of the roots. Representatives for the unipotent and mixed conjugacy classes were calculated by K. Shinoda, see [28, Tables II and V] and are given in Table B .8. They can be obtained by explicit computations in G F using the relations in [17, Tables 1-4] .
Lusztig series and Deligne-Lusztig characters. Let T i be one of the F -stable maximal tori of G in Table B .3 and θ a linear character of T and R G Tj θ 2 can have a common constituent only if the corresponding semisimple elements s 1 , s 2 ∈ G * F * are G * F * -conjugate (here we use that the centralizers C G * (s 1 ), C G * (s 2 ) are connected). This induces an equivalence relation on Irr(G F ) in a natural way. The equivalence classes E(G F , (s)) are parameterized by the semisimple conjugacy classes (s) of G * F * and are called Lusztig series. We say, that a class function is contained in the Lusztig series E(G F , (s)) if and only if it is in the C-span of the irreducible characters in E(G F , (s)). We say that two Lusztig series semisimple and u ∈ G F unipotent be the Jordan decomposition of g. We write C := C G (s) for the centralizer of g in G. Note that in our situation, C is connected (because G is simply connected). Let T i1 , . . . , T ir be a set of representatives for the C F -conjugacy classes of F -stable maximal tori in C which are contained in the G F -conjugacy class of T i and let s ir1 , . . . , s irlr for 1 ≤ r ≤ k be the different elements of the form s
x with x ∈ G F such that
where Q
C
Tir is the Green function of C with respect to T ir . We will only need R The elements s irt can be computed from the root datum of G as it is described in [24, p. 29, (3) ]. It turns out that in the computations for R Considering the value on the identity element, we see that in our situation this sign is +1. This gives us the irreducible characters G χ 50 (k, l) and G χ 51 (k, l) of G F and completes the construction of all irreducible characters in the Lusztig series of types g 13 , g 14 . However, since some values of these irreducible characters involve sums of up to 96 roots of unity, we cannot print their values here in this article.
Construction of irreducible characters of type g 8 and g 10 . Our main tool to construct the irreducible characters in the Lusztig series of types g 8 and g 10 is Lusztig's Jordan decomposition of characters: Let T i be an F -stable maximal torus of G and θ a linear character of T F i and let (T * i , s) be a pair corresponding to (T i , θ). Then, there is a bijection
).
and for χ ∈ E(G F , (s)) we have the following identity of scalar products:
where ε G , ε C G * (s) ∈ {1, −1} and 1 is the trivial character of T * F * i . The signs ε G , ε C G * (s) are defined in [7, Section 6.5] and can be computed directly from their definition. Alternatively, since 2 F 4 (q 2 ) is isomorphic with its dual group, they can also be read off from the values of the Steinberg character, see [7, Theorem 6.5.9] .
We describe the construction of the irreducible characters of G F in the Lusztig series of type g 8 . The calculations for the series of type g 10 are analogous. Let g 8 (k) be a representative for the semisimple conjugacy classes of G F * as in Table B .10 and let 
As described in [24, Section 4.1 (2), (3) and Section 6] we can compute representatives for the G * F * -conjugacy classes g 8 (k) in the various tori T * i and see that the only maximal tori containing such representatives are T * 3 , T * 5 and T * 6 . We obtain that, for fixed k, the Deligne-Lusztig characters − G χ 35 ((2θ
G χ 50 (0, k) all correspond to the G * F * -conjugacy class g 8 (k). Using CHEVIE, we can easily compute the norm (− G χ 35 ((2θ 3 − θ)k), − G χ 35 ((2θ 3 − θ)k) = 2 and, using the scalar product property (3), we can compute the scalar products
So, we see that the class function
is orthogonal to the C-vector space spanned by the Deligne-Lusztig characters. By inverting the coefficient matrix of the above linear equations, we can now write
(k) as linear combinations of the Deligne-Lusztig characters and The class functions f 8 (k). To determine the values of the class function f 8 (k) we use arguments similar to those in [24, Section 8] . We proceed in several steps.
Step 1: Class functions constructed from Levi subgroups. Fix a representative h ∈ G F for the semisimple conjugacy classes of type h 8 as in Table B .7 and let L be its centralizer in G. Since the order of the representative is not divisible by a bad prime for F 4 , the centralizer L is an F -stable Levi subgroup of G.
Since 
where ε 4 is a complex fourth root of unity as in [17, Table 5 ]. The values of f on the remaining conjugacy classes of L F are zero. Let L * ⊆ G * be the dual group of L. Then, L * is the centralizer of the semisimple elements of G * of type g 8 . Let
be one of these elements. Since g 8 (k) is contained in the center of L F * , we can identify it with a linear character λ(k) of L F in a natural way, see [24, p. 69] . Using Lusztig induction, we can define the following class functions on G F :
Step 2: Connection between f 8 (k) and ψ(k). From [24, Lemma 8.1] and [24, Lemma 8.2] we know that ψ(k) is a generalized character of G F in the Lusztig series g 8 (k) which is orthogonal to all DeligneLusztig characters of G F . Since the space of class functions in the Lusztig series g 8 (k) which are orthogonal to all Deligne-Lusztig characters has dimension one, it follows that ψ(k) is a multiple of f 8 (k). Because ψ(k) is a generalized character and f 8 has constituents with multiplicity ±1 we get that ψ(k) is an integer multiple of f 8 (k).
Step 3: Many values of f 8 (k), ψ(k) are zero. The dimension of the space of all class functions which are orthogonal to all DeligneLusztig characters of G F has dimension q 2 + 9 since we get 10 linearly independent such class functions from the unipotent characters and (q 2 − 2)/2, (q 2 − √ 2q)/4, (q 2 + √ 2q)/4 such class functions from the Lusztig series of types g 2 , g 8 and g 10 respectively. The same argument as in [24, p. 71] shows that ψ(k) vanishes on all conjugacy classes of G F except for possibly the following tuples of classes: (c 1,3 , c 1,4 ), (c 1,7 , c 1,8 , c 1,9 ), (c 1,10 , c 1,11 , c 1,12 ), (c 1,13 , c 1,14 ), (c 1,15 , c 1,16 , c 1,17 , c 1,18 ), (c 2,2 (i), 
Step 4: Values of the remaining irreducible characters. We use the formula [12, Proposition 12.2] for Lusztig induction to derive some information on the non-zero values of ψ(k). (Unfortunately, the formula does not give us the values of ψ(k) explicitly, since we do not know the two-parameter Green functions occurring in the right hand side of the formula.)
Firstly, we can conclude that ψ(k) vanishes on the classes c 2,2 (i), c 2,3 (i), c 5,2 , c 5,3 , c 5,4 , c 10,2 (i), c 10,3 (i) since the semisimple part of the representatives for these classes cannot be conjugate to an element of the center Z(L F ). Note that by [28,
Secondly, we see that
for some rational numbers x 8,2 , x 8,3 not depending on i, k. Thirdly, the formula implies that the values of ψ(k) on the unipotent conjugacy classes are of the form ψ(k)(c 1,r ) = ε 4 x 1,r where x 1,r are rational integers. Considering the x 1,r , x 8,r as indeterminates and using CHEVIE, we can compute the scalar products of ψ(k) with the unipotent irreducible characters of G F . This gives us ψ(k) and hence f 8 (k) up to a rational multiple. From the condition (f 8 (k), f 8 (k)) = 2 we get f 8 (k) up to a sign, see Table B and column orthogonality relations. Furthermore, using CHEVIE, we computed the tensor products of all irreducible characters with the unipotent characters and computed the scalar products (which have to be nonnegative integers) of these tensor products with the unipotent characters. 
{t9(i) := h(φ 
